The Fermi hypernetted-chain theory is applied to study the half-filled state of the fractional quantum Hall effect in the thermodynamic limit. We study in detail the radial distribution function, the correlation energy, and the quasiparticle-quasihole excitation spectrum of an unprojected Fermi wave function of the form ϭ1/2 Fermi ϭ⌸ jϽk N (z j Ϫz k ) 2 Det͕ k ជ (r ជ )͖, a possible candidate to describe the half-filled state. Adopting a technique originating from nuclear physics, we compute the effective mass of the fermion excitations near the Fermi surface for this wave function. We find it to be exactly the bare mass of the electron, in accordance with the mean field approximation of not imposing the lowest Landau level constraint. Similar calculations were performed on other related wave functions, which, based on the composite fermion picture, describe the half-filled state of the electrons as a limit of infinite-filled composite fermion Landau levels.
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I. INTRODUCTION The fractional quantum Hall effect 1 ͑FQHE͒ results from a strongly correlated incompressible liquid state 2 formed at special uniform densities e of a two-dimensional ͑2D͒ electronic system, subject to a strong transverse magnetic field B ជ . For a completely spin-polarized ͑spinless͒ system of electrons the dominant sequence of fractional Hall states occurs for filling factors of the lowest Landau level ͑LLL͒ ϭp/(2pϩ1), where p 0 is an integer.
The first step in the FQHE explanation would be the study of the properties of a 2D fully spin-polarized ͑spinless͒ system of N interacting electrons emerging in a uniform positive background, with the magnetic field B ជ high and temperature T low, such that only the LLL would be partially filled.
At Tϭ0, the interaction energies ϳ 1/2 (1/4⑀ 0 ) ϫ(e 2 /⑀l 0 ), where l 0 ϭͱប/eB is the magnetic length and ⑀ is the dielectric constant of the background, are weak compared to the Landau level splitting ប c , and so all electrons are considered to remain in the LLL. Electrons with charge Ϫe (eϾ0) are considered as usual to be confined in the x-y plane, subjected to the magnetic field B ជ ϭ͓0,0,B͔ generated from the symmetric gauge vector potential A ជ (r ជ ) ϭ͓Ϫ (B/2) y, (B/2) x,0͔. The many-electron system is described by the Hamiltonian Ĥ ϭK ϩV , ͑1͒
where m e is the electron's mass, z j ϭx j ϩiy j is the location of the jth electron in complex coordinates, v(͉r ជ j Ϫr ជ k ͉) ϭ (1/4⑀ 0 )(e 2 /⑀͉z j Ϫz k ͉) is the interaction potential, and V contains the electron-electron, electron-background, and background-background interaction potential.
From a theoretical point of view, the occurrence of Hall plateaus at filling factors of the form ϭ1/m, mϭ1,3,5, can be understood through the original ideas of Laughlin, 3 which described these states by a trial many-electron wave function of the Jastrow type:
By construction, this wave function lies entirely in the LLL and describes a translationally invariant isotropic and incompressible liquid of electrons at a density e ϭ/2l 0 2 , corresponding to the LLL filling factor ϭ1/m, where m ϭ1,3, . . . . In contrast, the behavior of such a system in the vicinity of a filling factor with an even denominator, such as ϭ1/2, is not well understood. A Laughlin-like Bose wave function ϭ1/2
Bose ϭ⌸ jϽk
2 ) does not correctly describe such a situation and a different theory is needed for such fillings.
The paper is organized as follows. Section II presents a brief summary of the Chern-Simons ͑CS͒ theory at half filling. Section III presents a brief summary of the Fermi hypernetted-chain ͑FHNC͒ approach and its extension to treat different correlated wave functions of the Fermi type. The method to compute the excitation spectrum near the Fermi surface is described in Sec. IV. Numerical results are presented and discussed in Sec. V. Sec. VI is devoted to the conclusions.
II. CHERN-SIMONS TRANSFORMATION
At ϭ1/2 the typical features of the FQHE, that is, the quantized xy ϭ (e 2 /h) and vanishing xx , are not observed, but nevertheless this state shows a broad minimum 4 in xx and exhibits, additionally, anomalous behavior in surface acoustic wave propagation, 5 indicating a different type of correlation. Numerical work by Haldane 6 suggested that ϭ1/2 is not incompressible.
Recently a theory of a compressible Fermi-liquid-like behavior at ϭ1/2 was proposed by Halperin, Lee, and Read. 7 According to this theory, a 2D system of electrons subjected to an external perpendicular magnetic field B ជ , with a LLL filling factor 1/2, can be transformed to a mathematically equivalent system of fermions interacting with a ChernSimons gauge field such that the average effective magnetic field acting on the fermions is zero.
Let me mention some fundamental properties of this transformation, supposing that ͉⌽(z 1¯z N )͘ is a solution of the Schrödinger equation Ĥ ⌽ϭE⌽. Then, for an even number q e , where q e ϭ2,4, . . . , the wave function
is a solution to the Schödringer equation Ĥ Ј⌿ϭE⌿, with
where a ជ (r ជ ) is the Chern-Simons vector potential
and 0 is the magnetic field flux quantum. The ChernSimons magnetic field b ជ (r ជ ) associated with the vector potential a ជ (r ជ ) is given by
where (r ជ ) is the local particle density. In other words, the Chern-Simons transformation can be described as the exact modeling of an electron as a fermion attached to q e flux quanta. Assuming a uniform density, the Chern-Simons flux quanta attached to the fermions are smeared out in a uniform magnetic field of magnitude ͗b ជ ͘ϭ e q e 0 ,
͑10͒
with e the average electronic density. At special filling factors ϭ 0 e /B ϭ1/q e , q e ϭ2,4, . . . , the applied magnetic field precisely cancels the Chern-Simons flux, so at the mean field level the system can be described as fermions in a zero magnetic field and should therefore be a compressible Fermi-looking liquid state. When is away from 1/q e , the applied magnetic field and the Chern-Simons one do not cancel, so a residual effective field B*ϭBϪq e 0 e ϭB͑1Ϫq e ͒ ͑11͒
is left over. Thus the mean field system is described as noninteracting fermions in a uniform field B*. The effective filling factor for these gauge transformed fermions p ϭ e 0 /B* is 1,2, . . . , corresponding to the integer quantum Hall effect of these gauge transformed fermions. The ''true'' filling factor of the electrons ϭ e 0 /B is just ϭ ( p/q e pϩ1), which is precisely the composite fermion ͑CF͒ Jain series 8 of FQHE states. The excitation gaps for these quantized Hall states are naturally given by the corresponding effective cyclotron frequency of the CF's:
where m gap * () is the effective mass.
In the following we concentrate on the filling ϭ1/2, where several related wave functions have been employed to incorporate the physics of CF's on it. They can be treated as the limit of the series ϭp/(2pϩ1) for p→ϱ and may have different origins. The wave function
appears as the mean field solution of the CS theory, 9 while
is due to the CF theory of Jain. In the above expressions, P LLL is the LLL projection operator and ͉⌽ p (B)͘ is the Slater determinant wave function of p filled Landau levels, evaluated at the magnetic field shown in the argument. These two wave functions have different origins and different short-distance behavior in the radial distribution function, but they both describe CF's at half filling since there are two vortices bound to each electron. From the CS theory, we know that at exactly ϭ1/2 the fermions ''see'' no net magnetic field, so they can form a Fermi sea, which does have a uniform density. As a consequence we would expect that the half-filled state should be well described by a Fermi manyelectron wave function of the form
where k ជ (r ជ ) are normalized plane waves in two dimensions. In order to have the correct density of the half-filled case, the Fermi surface of the fully spin polarized electrons must have the radius k F ϭ1/l 0 . Excited states involve the creation of quasiparticle-quasihole pairs near this Fermi-like surface and these excitations should have an effective mass m*(k) determined by interelectron interactions only. The interaction energy per particle u()ϭ (1/N)(͗⌿ ͉V ͉⌿ ͘/͗⌿ ͉⌿ ͘) is computed for the unprojected wave function ⌿ ϭ1/2
Fermi and is compared with the respective values for the other unprojected wave functions ⌿ ϭ1/2 CS and ⌿ ϭ1/2 CF (B), taken as the limit of infinite filled Landau levels.
In this paper we employ the FHNC formalism to study in detail the unprojected Fermi half-filled wave function
Fermi . Within this formalism we incorporate a scheme to study the resulting Fermi excitations near the Fermi surface and we compute the resulting effective mass of such excitations.
III. THE FERMI HYPERNETTED-CHAIN FORMALISM FOR THE HALF-FILLED FERMI WAVE FUNCTION
The FHNC theory is very useful to perform calculations in the thermodynamic limit for infinite systems of particles interacting via central, spin-independent potentials, with Hamiltonian of the form of Eq. ͑1͒. If such systems are described by trial functions of the Jastrow-Slater form, as is the case, then the FHNC theory is applicable. A Jastrow-Slater trial wave function can quite generally be written as
where a possible choice for ͉⌽͘ is a Slater determinant making ͉⌿͘ antisymmetric. Let us show in some detail the quantities entering the calculation of the ⌿ ϭ1/2
Fermi wave function, which contains a determinant of 2D normalized plane waves. The same technique is used to perform similar calculations on ⌿ ϭ1/2 CS and ⌿ ϭ1/2 CF (B) wave functions, so we skip a detailed description of them. In order to calculate the interaction energy per particle (1/N)(͗⌿ ͉V ͉⌿ ͘/͗⌿ ͉⌿ ͘) and the ''kinetic'' energy per particle (1/N)(͗⌿ ͉K ͉⌿ ͘/͗⌿ ͉⌿ ͘), we should find the radial distribution function g(͉r ជ i Ϫr ជ j ͉) through the application of the FHNC.
Because of the ''healing'' property of the factor f 2 (r i j ) Ϫ1ϭh(r i j )→0 as r i j →ϱ the spatial correlations present in the wave function may be ordered in powers of the function h(r i j ),
͑17͒
The ͑reduced͒ single-particle density matrix for the dynamically uncorrelated state is given by
where the ground state occupation number for a fully spin polarized ͑spinless͒ 2D ideal Fermi gas (g s ϭ1) is
The normalized single-particle states of a 2D gas of free electrons occupying an area A are k ជ (r ជ )ϭ (1/ͱA) e ik ជ
•r ជ and k F ϭ1/l 0 . A trivial calculation of the statistical exchange fac-
where r 12 ϭ͉r ជ 2 Ϫr ជ 1 ͉ and J 1 (x) is the first-order Bessel function.
Within the permutation expansion method of Fantoni and Rosati, 10 ͉⌽͉ 2 may be expanded in the number of permutations of particles or the number of exchange factors. After insertion into the expansion ͑17͒ the product may be ordered according to the number of particles involved. The resulting cluster terms contain both kinds of correlations and may be represented by cluster diagrams. As in the Bose case, the associated radial distribution function g(r) is then given by the sum of all linked irreducible diagrams obeying welldefined topological rules. 10 One defines nodal, non-nodal ͑composite͒, and elementary diagrams as in the Bose case, but there are now four different types for each of them. The four different classes of nodal and elementary diagrams are generally denoted by dd ͑direct-direct͒, de ͑direct-exchange͒, ee ͑exchange-exchange͒, and cc ͑circular-exchange͒. The FHNC relations provide a closed set of equations for the nodal and non-nodal components appearing in Eqs. ͑21͒-͑24͒ and ͑26͒-͑29͒ only, if the elementary contributions ͑de-scribed by elementary diagrams͒ are known. Several different approximation schemes are available for an appropriate evaluation of the elementary portions. However, at present we neglect such diagrams adopting the so-called FHNC/0 approximation, where the 0 means neglect of elementary diagrams. In this approximation we set E ␣,␤ ϭ0, where the indices are (␣,␤)ϭ(dd), (de), (ee), and (cc).
For convenience, we substitute f (͉r ជ i Ϫr ជ j ͉) 2 ϭe U(͉r ជ i Ϫr ជ j ͉) in the expression of ͉⌿͉ 2 and then we separate the pseudopotential associated with the Jastrow part U(r 12 )ϭ4 ln(͉z 1 Ϫz 2 ͉) into a short-and a long-ranged part, respectively, U s ͑ r 12 ͒ϭϪ4K 0 ͑Qr 12 ͒, ͑31͒
The function K 0 (x) is the standard modified Bessel function and the wave number Q is a cutoff parameter of order 1/l 0 . Furthermore, all nodal and non-nodal functions are separated into their respective short-and long-range parts and the FHNC/0 equations are solved by a standard iterative procedure.
IV. THE PARTICLE-HOLE EXCITATION SPECTRUM OF THE FERMI HALF-FILLED STATE
In this section we report a method used to compute the quasiparticle-quasihole Fermi excitations for the Fermi wave function ⌿ ϭ1/2
Fermi . For a correlated 2D Fermi gas calculations of the ground state energy E 0 are generally carried out with the wave function
where Ĉ is a correlation operator and ⌽"n(k ជ )… is a 2D Fermi gas wave function with occupations n(k ជ 
Let E p (p) and E h (q) be the energies obtained with these wave functions. The energy differences
give the single-particle energy to create a quasiparticle and a quasihole, respectively. The energy per particle obtained by either adding or removing particles having kϭk F is
For a Fermi disk filled up to ͉k ជ ͉рk F the ground state energy of the system is only kinetic given by E 0 ()ϭ
We are dealing with the fully spin polarized ͑spinless͒ case, so g s is 1.
It is convenient to calculate the quasiparticle and quasihole excitation energies e( pϾk F ) and e(qϽk F ) by removing a small fraction xӶ1 of particles 11 (xN is number of removed fermions͒ from a thin ring at kϭk F (kϭq) in momentum space and putting them into a thin ring at kϭp (k ϭk F ) for the quasiparticle ͑quasihole͒ case.
Up to terms linear in x we have
The upper signs are for the quasiparticle case kϭpϾk F and the lower signs for the quasihole case kϭqϽk F . The ''mixed'' density matrix for these occupations is a simple function of x, k, and r 12 :
l͑x,k,r 12 ͒ϭl͑ r ជ 1 ,r ជ 2 ͒Ϯx͓J 0 ͑ kr 12 ͒ϪJ 0 ͑ k F r 12 ͔͒. ͑40͒ E 0 /N is the energy per particle of the system described by the wave function of Eq. ͑33͒, where no fermions have been removed from the Fermi disk, while E(x,k)/N is the energy per particle of our system when a small fraction xӶ1 of particles is removed from the Fermi disk and placed on a ring at wave vector k in momentum space. Both E(x,k) and E 0 are calculated in the same way, by the FHNC method.
Noting that E(x,k)/Nϭe(x,k), and E 0 /Nϭe 0 , the quasiparticle energy is written
where qϭkϪk F Ͼ0. where m e is the bare electron mass.
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V. RESULTS
In the present work we applied the FHNC theory to the half-filled state of the FQHE, employing the unprojected Fermi half-filled wave function
and other unprojected wave functions that incorporate the physics of CF's at such filling. For the sake of simplicity, the elementary diagrams were neglected, so calculations were performed within the so-called FHNC/0 approximation. For any given wave function ⌿ , which describes a given state , we calculated the radial distribution function g (r) and the interaction energy per particle was computed from
Except in the trivial case of ⌿ ϭ1/2 Bose , where the kinetic energy per particle is
its calculation is not easy at all to perform within the FHNC approach, so we devoted our interest mainly to the calculation of the interaction energy per particle.
In Fig. 1 we plot the radial distribution function g ϭ1/2 (r), obtained from the unprojected ⌿ ϭ1/2
Fermi and ⌿ ϭ1/2
Bose wave functions. Its calculation in the Bose case was done by employing the Bose hypernetted-chain ͑HNC͒ method, which is rather standard and easier than the FHNC method. The ground state interaction energy per particle, obtained from the unprojected ⌿ ϭ1/2 Fermi , was found to be u ϭ1/2 Fermi ϭϪ0.503(1/4⑀ 0 )(e 2 /⑀l 0 ), a value rather lower than the value suggested from exact diagonalizations 12 of small systems of electrons.
The source of such discrepancy is the missing projection of ⌿ ϭ1/2
Fermi into the LLL. We performed a careful study of the small-r behavior of the unprojected g ϭ1/2 Fermi (r) for the case being. As shown in Fig. 2 , we found that the radial distribution function has an erroneous g ϭ1/2
Fermi (r)ϳ(r/l 0 ) 4 behavior instead of the (r/l 0 ) 2 one suggested by exact numerical diagonalizations, 13 which of course do not suffer from the missing projection into the LLL. As a consequence, smaller values of the unprojected g ϭ1/2
Fermi (r) at short r make the interaction energy per particle lower than the projected ones.
In the calculation of g ϭ1/2 
we observe that
which is just a squared determinant of single-particle eigenfunctions for p Landau levels, subjected to an effective magnetic field B*, where pϭ1,2, . . . . In this special case, the calculation of the interaction energy per particle
CS
(r) can be exactly computed within the FHNC framework.
In Table I we show the exact results for the interaction energy per particle u ϭ p/(2pϩ1) CS computed from the unprojected CS wave function of Eq. ͑46͒. In the fourth column we show the approximated variational Monte Carlo ͑VMC͒ results of Kamilla and Jain 14 for some of these states. We stress again that our results are exact, without any approximation, so it seems that the above VMC treatment becomes less accurate for →1/2. A reasonable extrapolation of these values for p→ϱ gives an estimate
for the ϭ1/2 state obtained from the unprojected Fermi wave function ⌿ ϭ1/2
Fermi and the projected Bose Laughlin-like wave function ⌿ ϭ1/2
Bose . Calculations were done neglecting the elementary diagrams, namely, within the FHNC/0 and HNC/0 approximations, respectively, for the Fermi and Bose cases.
FIG. 2. Small-r behavior of g ϭ1/2
Fermi (r) on a logarithmic scale ln͓g(r)͔ versus ln͓r/l 0 ͔. One observes that g ϭ1/2
Fermi (r), obtained from the unprojected Fermi wave function, has an erroneous g ϭ1/2
Fermi (r) ϳ(r/l 0 ) 4 dependence instead of the correct (r/l 0 ) 2 one of the projected case, suggested from exact numerical diagonalizations ͑Ref. 13͒.
which is higher than the exact diagonalization results at ϭ1/2. In Fig. 3 we show the interaction energy per particle values u ϭ p/(2pϩ1) CS as a function of pϭ1,2, . . . . The calculations employing the unprojected ⌿ CF (B) wave function are more difficult to perform, but the FHNC theory needed to describe them is not different from the previous cases. A detailed description is given elsewhere, 15 so we limit ourselves to the presentation of the results for the interaction energy values for the fillings ϭ p/(2pϩ1) given in Table II . An extrapolation of these values for →1/2 gives an estimate very close to the value for the ⌿ ϭ1/2
Bose case: 
where B*ϭB 1/(2pϩ1) for ϭ p/(2pϩ1), does have Friedel-looking oscillations, in agreement with the results by Kamilla et al. 16 We computed the radial distribution function at ϭ6/13 corresponding to both wave functions ⌿ CF (B) and ⌿ CF (B*) and the oscillations in the B* case are evident from Fig. 4 .
As our major interest was concentrated in the unprojected Fermi half filled wave function ⌿ ϭ1/2
Fermi , using the method described in Sec. IV, we computed the particle-hole excitation spectrum of this state by adopting a technique previously used in nuclear physics. 11 The supposedly low-energy Fermi excitations should have an effective mass m*(k) determined by interelectron interactions only. Once we are able to calculate the interaction ground state energy per particle Fermi (͕r ជ i ͖,x) states, we are able to compute the quasiparticle and quasihole energies.
In Fig. 5 we plot the quasiparticle excitation spectrum e qp (q) as a function of qϭkϪk F Ͼ0. It was found that in the long-wavelength limit (q→0), the quasiparticle excitation energy expressed in units (1/4⑀ 0 )(e 2 /⑀l 0 ) is linearly proportional to q expressed in units 1/l 0 with ␣ϭ0.082. In these units e qp ͑q͒ϭ␣q. ͑51͒
From the above quasiparticle excitation spectrum, we compute the effective mass m*(k) of the Fermi excitations by applying Eq. ͑42͒. Using the dielectric constant ⑀ϭ12.6 appropriate for GaAs and the magnetic field Bϭ10 T, taken from Halperin et al., 7 we find with striking accuracy the result m*͑kϭk F ͒ϭm e , ͑52͒
in accordance with the mean field prediction of not imposing the LLL constraint. This indicates the high accuracy of the adapted method used to compute the Fermi excitation spectrum in a 2D problem, like the FQHE. Further, the urgent need of a LLL projection scheme incorporated to the FHNC theory is pointed out.
VI. CONCLUSIONS
The Fermi hypernetted-chain theory was applied to the study the filling factor ϭ1/2 of the fractional quantum Hall effect. Calculations were done by neglecting the elementary diagrams on the cluster expansion of g (r), namely, adopting the so-called FHNC/0 approximation. This technique, which has the priority to treat exactly in the thermodynamic limit the many-body correlated systems, was employed to study several unprojected wave functions used to describe this filling factor.
Our main interest was concentrated on an unprojected Fermi wave function ⌿ ϭ1/2
Fermi , but calculations were extended to other unprojected wave functions of the form Fermi we studied both ground state and excited state properties, while several other ground state quantities such as the radial distribution function, structure factor, and interaction energy per particle were computed for the other wave functions.
The calculation of interaction energy per particle for the unprojected Chern-Simons wave function ⌿ ϭ p/(2pϩ1) CS is exact within the FHNC approach and this is an important observation for future investigations. Among these unprojected wave functions, ⌿ ϭ1/2 CF (B) gives an estimate of the interaction energy and some other features, very similar to the ⌿ ϭ1/2
Bose case. The radial distribution function obtained from Fermi do. After computing the Fermi quasiparticle/quasihole excitation spectrum for the unprojected ⌿ ϭ1/2
Fermi state, the resulting effective mass of the quasiparticles close to the Fermi surface k F was found to be exactly the bare mass of the electrons, in agreement with the mean-field prediction of not imposing the LLL projection.
The accuracy of the method was tested to be high, so if a reasonable scheme to perform the LLL projection within the FHNC is found, then the calculation of the effective mass near the Fermi radius can be done accurately. Attempts in a such direction are in progress.
